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We determine the temperature (T ) dependence of the ρ -meson mass and the gluon condensate
below the deconnement phase transition by means of QCD sum rules. In the chiral limit we de-
rive sum rule induced scaling relations for the vacuum parts of the Gibbs averaged scalar operators
contributing to the operator product expansion of the ρ0 current-current correlator at nite temper-
ature. The scaling with λ ≡√s0(T )/s0(0), s0 being the T -dependent perturbative QCD continuum
threshold in the spectral integral, is simple for renormalization group invariant operators, and be-
comes nontrivial for a set of operators which mix and scale anomalously under a change of the
renormalization point. In contrast to previous works on thermal QCD sum rules with this approach
the gluon condensate exhibits a sizable T -dependence which is qualitatively in accord with lattice
data. The ρ -meson mass rises slowly with temperature, and there is no indication of its breakdown
up to T = 160 MeV.
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I. INTRODUCTION
QCD sum rules at nite temperature have been of intense interest since the pioneering work of Bochkarev and
Shaposhnikov [?]. Since thermal eld theory lacks asymptotically measurable states the empirical side, that is the
spectral function of the QCD sum rule under consideration, must be parameterized. There are few guidelines for the
parametrization of the spectral function by hadronic resonance and continuum contributions. However, as pointed
out by several authors [?,?,?], the output of the sum rule at nite temperature or for nonvanishing chemical potential
depends on the hadronic model leading to a specic spectral function.
Another complication due to nite temperature arises from the fact, that temperature is dened in a xed reference
frame which hence is singled out. Therefore, the Poincare invariance of a eld theory at T = 0 is partially broken
for nite temperatures. Residual O(3) and translational invariance permit a wider set of operators to contribute to
the operator product expansion (OPE) of the corresponding correlator. Using a background eld method, Mallik [?]
derived an OPE for the time-ordered thermal correlator of various quark eld bilinears, where these new operators
are included up to mass-dimension four. In contrast to the work of Hatsuda et. al. [?], which relies on the higher twist
classication of operators originating from the analysis of Deep Inelastic Scattering (DIS) and which for nonvanishing
spatial momentum components allows for contributions of O(3) non-invariant operators to the thermal OPE 1, a
systematic O(3) invariant extension of the zero temperature OPE is obtained in Ref. [?]. Thereby the authors
consider the mixing of the new operators under a change of the renormalization scale. However, using the background
eld method, the Wilson-coecients for the radiative corrections of mass-dimension six cannot be calculated, and
hence have been omitted in Ref. [?]. These contributions are important, since they distinguish the vector from the
axial vector channel and cancel a large part of the terms with mass-dimension four, yielding the experimental value
of the  -meson mass at T = 0 with good stability [?].
In Refs. [?,?,?] the Gibbs average of the OPE is assumed to be saturated by the vacuum and the dilute thermal pion
gas contributions. Thereby, both the vacuum and the pion states are taken to be temperature independent. This leads
to a T -independent gluon condensate [?], which is in contrast to lattice measurements [?] and to results obtained in
1This violates rotational symmetry which is retained in the heat bath. Invariance with respect to O(3) transformations is
nevertheless included in Ref. [?] when performing the phase space integrals over pionic matrix elements introduced through
the denition of the thermal average.
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eective meson models with scalar glueball elds [?,?]. The main point of this paper is to explore the consequences of
a T -dependent vacuum for the T evolution of the gluon condensate and the  -meson mass in the chiral limit. To this
end, it is suggested to parametrize the T -dependence of the vacuum implicitly through the eective spectral variable
s0(T ) which divides the hadronic part from the perturbative QCD domain of the spectral function. With this ansatz
both sides of the sum rule are dependent on s0(T ).
The paper is organized as follows: In section II we list the basic results for thermal dispersion relations and for the
spectral function in the 0-meson channel as already established in Refs. [?] and [?]. Section III contains the thermal
OPE for the invariant longitudinal amplitude of the 0-meson correlator, and we briefly discuss the behavior of the
nonscalar contributions of mass-dimension four under renormalization. The treatment of thermal operator averages is
performed in section IV. Assuming an implicit dependence on temperature, we derive a scaling relation with respect
to   ps0(T )=s0(0) for T -dependent vacuum averages of scalar operators. This relation is easily implemented for
renormalization group invariants (RGI), and becomes quite involved if one has to regard a set of operators which mix
and scale anomalously under a change of the renormalization point. In section V we write out the Borel transformed
sum rule and, by performing a logarithmic derivative with respect to the inverse squared Borel mass, obtain a sum
rule for the  -meson mass which is the ratio of two moments. A numerical evaluation of the thermal sum rule is
performed in section VI. Section VII summarizes and compares the results with those of previous approaches.
II. THERMAL DISPERSION RELATIONS, KINEMATIC INVARIANTS, AND SPECTRAL FUNCTION
We consider the thermal correlator of the time-ordered (T) product of two vector currents in the 0-channel
Tµν(q; T ) = Z−1i
Z





(uγµu− dγµd) and Z = Tr e−βH : (2)
Here H denotes the QCD Hamiltonian, and  stands for the inverse of the temperature T . A sum rule for this
correlator can be derived as [?]










0 = −q20 : (3)
The frame of reference where temperature is dened moves with four-velocity uµ. With this additional covariant
one can, for example, dene the Lorentz scalars !  uµqµ and q 
p
!2 − q2. Imposing current conservation and
symmetry under exchange of  and , the correlator of Eq. (3) can be decomposed as [?,?]
Tµν(q; T ) = QµνTl(q2; !; T ) + PµνTt(q2; !; T ) ; (4)
where (gµν) = diag(1;−1;−1;−1), and the tensors Pµν , Qµν are given by









~uµ~uν ; ~uµ  uµ − ! qµ
q2
: (5)
By evaluating 1  uµuνTµν and 2  T µµ in the rest frame of the heat bath (uµ = (1; 0; 0; 0)), one can solve for












and in the limit ~q ! 0 one obtains
Tt(q0; ~q = 0) = q20 Tl(q0; ~q = 0) : (7)
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Since the sum rule of Eq. (3) holds for each component of (Tµν), it also holds for 1 and 2. With Eq. (6) one
obtains sum rules for the invariant amplitudes Tl and Tt. For example,









; q; T )  −1ImTl tanh(q00=2) : (8)
As already indicated in the introduction, thermal eld theory is handicapped by the lack of asymptotically measur-
able states, and therefore the spectral function (dened as the numerator of the integrand of the right-hand side of
Eq. (8), that is Nl(q0
0
; q; T )), must be modelled. In the following s0(T ) denotes an eective temperature dependent
threshold that divides the hadronic part of the spectrum from the perturbatively accessible QCD domain. It is sug-
gested [?,?], that in the hadronic region of integration, 0  q002  s0, the correlator is saturated by the 0-resonance
and the two-pion continuum. Thereby, the pions are assumed to be noninteracting. The hadronic contributions jρ
0
µ





µ ; where fρ(T = 0) = 153:5 MeV ; (9)




Employing the noninteracting, nite temperature (real-time) 0-meson and pion propagators [?,?,?] for the calculation
of the unitarity cuts for the tree diagram of the 0 contribution and for the thermal pion loop, the hadronic part of
the spectral function has been calculated in Ref. [?]. In contrast to Ref. [?] and following Ref. [?] we approximate
the imaginary part of the correlator above the eective threshold s0(T ) by perturbative QCD (pQCD). For this
perturbative piece thermal contributions are omitted since the fermionic distribution function nF remains small for
the relevant temperature and energy range [?]. In the limit ~q ! 0 and after a Borel transformation in Q0 with Borel
























































v3 + v(3 − v2)=2) nB(
p
s=2; T ) ; (12)
where  = 1 GeV. Here the function v is dened as v(s;mpi) =
p
1− 4m2pi=s, nB denotes the Bose distribution, and
Jpipi0(T ), J
qq
0 are the vacuum (thermal) parts of the spectral integrals due to the  and pQCD continua, respectively.
III. THERMAL OPERATOR PRODUCT EXPANSION
In this work we use a thermal OPE for the invariant amplitude Tl which combines the results of Ref. [?] and
Ref. [?]. In Ref. [?] the expansion is only carried out up to operators of mass-dimension four. The nonscalar O(3)
invariant contributions are expressed in terms of diagonal combinations with respect to the anomalous mixing matrix,
resulting in a renormalization group invariant (RGI) (that is the total energy density) and a renormalization group
non-invariant (RGNI) contribution. The drawback of the OPE of Ref. [?] lies in the fact, that mass-dimension six
contributions are omitted. These terms are important since they cancel a large part of the nonperturbative correction
of mass-dimension four yielding at T = 0 the experimentally measured  -meson mass. In addition, it is the mass-
dimension six part of the OPE that distinguishes at T = 0 the vector from the axial vector channel [?]. Therefore,
we use together with the standard T = 0 scalar operators the results of Ref. [?] for the nonscalar mass-dimension six
3
contribution. In the chiral limit, for ~q ! 0, and for two light quark flavors (u and d) 2, we then obtain the following
expansion for the invariant Tl
Tl(q0
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hs(uγµtau+ dγµtad)2iT (Q0) +
8i
3Q60
huγ0D0D0D0u+ dγ0D0D0D0diT (); (13)
where the nonscalar operators are understood to be symmetrized and to be made traceless with respect to the Lorentz
indices. The generators ta of color SU(3) in the fundamental representation are normalized to Trtatb = 2 ab. The
Gibbs average in Eq. (13) is approximated by the vacuum and the dilute pion gas contributions in Ref. [?]. As the
authors point out the scalar part of the Gibbs averaged OPE of Eq. (13) then has the same structure as the result for
the vector correlator obtained in Ref. [?]. Based on PCAC and the LSZ reduction formula the authors of Ref. [?] nd
to order T 2 a mixing of the correlator of the vector with that of the axial vector channel due to nite temperature.






+ 2); b = 11− 2 2
3
: (14)
At  = 1 GeV we take s(2) = 0:36 [?]. Note, that in the case of mass-dimension four the operators a priori
renormalized at Q0 are already expressed by operators evaluated at  = 1 GeV. Only for h163 f00 − g00iT does this







a is an RGI. In the chiral limit, the fermionic and gluonic parts of the 00-component of the
traceless energy-momentum tensor (µν) of one quark flavor QCD [?,?] are
f00 = iqγ0D0q ;

















Since µν is a conserved quantity the thermal average of 00 is also an RGI. The expression for the covariant derivative
D0 in Eq. (15) contains the zeroth component of the gauge potential Aa0 and the color SU(3) generators ta in the
fundamental representation normalized to Trtatb = 2ab.
In Eq. (13) both mass-dimension six scalar operators are RGNI, and we will consider their anomalous scaling and
mixing in the next section. As for the O(3), non-scalar mass-dimension six contribution to Eq. (13) we neglect the
anomalous scaling of the corresponding operator [?]. It is known to belong to a set of operators which mix under
renormalization. This set also contains mixed quark-gluon contributions, and following Ref. [?] we will omit them.
IV. GIBBS AVERAGES
A. Scalar operators
As was suggested by several authors [?,?,?] the Gibbs averages of the scalar operators of Eq. (13) can be saturated
by the vacuum and the one pion contributions. Thereby, both the vacuum and the pion states are assumed to exhibit
2In order to compare our results with the lattice data [?] for two quark flavors we constrain ourselves to SU(2)flavor symmetry
throughout the paper.
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no temperature dependence [?]. For the rather stable pion this might be quite reasonable, however, due to its complex
structure the vacuum can hardly be insensitive to temperature. The motivation for a T -dependent vacuum part in
the Gibbs average of scalar operators emerges from a comparison of lattice data for the thermal gluon condensate [?]
with the result of Ref. [?]. The former approach indicates a sizable decrease above a critical temperature of about
Tc = 140 MeV, whereas in the latter case the gluon condensate exhibits practically no temperature dependence even
when leaving the chiral limit (less than 0.5% decrease at T = 200 MeV). On a more phenomenological level, the T -
dependence of the gluon condensate has been obtained from the eective potential of theories based on the non-linear
-model, where the mesons are coupled to a scalar glueball eld to mimic the breaking of scale invariance by the QCD
vacuum [?,?]. Depending on the normalization conditions used for the Bag constant and the glueball mass, in these
calculations the T -evolution of the gluon condensate exhibits a strong decrease above critical temperatures ranging
from Tc = 140− 400 MeV.
In an eective description of the QCD vacuum structure there should be a set of quantities which themselves depend
on temperature, and hence introduce an implicit T -dependence. Here we suggest to account (in a quite eective way)
for the implicit temperature dependence of the QCD vacuum by appealing to the quantity s0(T ) encountered earlier
when setting up the thermal spectral function (s; T ) of Eq. (11). Recall, that the threshold s0(T ) has been introduced
to separate the hadronic part from the pQCD domain of the spectrum with 0-meson quantum numbers .
The scalar operators appearing in the OPE of the thermal current correlator read















Hereby, Os4 is an RGI, and Os6,1, Os6,2 can be expanded into a basis of scalar four-quark operators P1; P2; :::; P6 [?]
with
P1 =  Lγµ L  Rγµ R
P2 =  Lγµta L  Rγµta R
P3 =  Lγµ L  Lγµ L + (L! R)
P4 =  Lγµta L  Lγµta L + (L! R)
P5 =  Lγµbta L  Rγµbta R
P6 =  Lγµb L  Rγµb R ;  L(R) = (uL(R); dL(R))T ; (18)
where ta and b are the color SU(3) Gell-Mann and flavor SU(2) Pauli matrices, respectively. They are normalized












for the SU(N) generator matrices c (Trab = 2ab) and applying Fierz transformations, one obtains the following










P3 − 2 P5

Os6,2 = s (P4 + 2P2) : (21)
The sets of operators P1; :::; P4 and P5; P6 mix independently under renormalization with the respective one-loop
mixing matrices  and ˜ [?]
3Notationally not quite correct we also refer to them as Os6,1,Os6,2.
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 =
0B@ 0 3=2 0 016=3 17=3 0 −2=30 −2=3 0 −11=6
0 −20=9 −16=3 8=9
1CA ; ˜ =  7 16=33=2 0

: (22)
The eigenvalues (proportional to the anomalous dimensions of the diagonal combinations) read
1 = 7:043 ; 2 = 3:501 ; 3 = −2:891 ; 4 = −1:097 ; ~5 = 8 ; and ~6 = −1 : (23)
In the chiral limit we will now derive a scaling relation with respect to  ps0(T )=s0(0) for the vacuum average of
a given scalar and diagonal operator O with mass-dimension d and anomalous dimension one-loop coecient O. In
the spirit of a random phase approximation, where correlations between particle-hole excitations are included, we set
up the QCD vacuum state as an expansion in terms of k-particle (o-shell) quark-antiquark and gluonic fluctuations











d4p2   
Z
d4pk Ci1,i2,...,ik(p1; p2; :::; pk) jp1; i1i    jpk; iki : (24)
Hereby, ij is a collective index labelling the particle species (fermion or boson), spatial quantum numbers, flavor (if
fermionic), and color. The Ci1,i2,...,ik denote the corresponding expansion coecients. Then the vacuum average of O









d4p2   
Z
d4pk fi1,i2,...,ik(p1; p2; :::; pk;Q0) ; (25)
where the functions fi1,i2,...,ik have mass-dimension d − 4k, and Q0 denotes the scale at which the operator O is
renormalized. By asymptotic freedom, the integrand of Eq. (25) will be strongly suppressed, if the momenta p1; :::; pk
are hard. The nite value of h0jOj0i(Q0) has its origin in the strong dynamics of soft fluctuations in the vacuum [?]. A
criterion distinguishing soft from hard fluctuations should roughly be given by the scale s0. For sizable contributions
to the integral of Eq. (25) we assume that the time- and space-like virtuality p2j of each of the momenta p1; :::; pk
be less than s0 and, in addition, that (p0j )
2 be less then s0 (recall that through the presence of the heat bath (p0j )
2
is formally raised to a Lorentz scalar). Since we work in the chiral limit and furthermore assume, that temperature
eectively acts on the vacuum only implicitely through s0, there are only two explicit scales to be considered: s0 and





















































In Eq. (26) the functions hi1,i2,...,ik are homogeneous functions of p
0
i ; (i = 1;    ; k) with mass-dimension d− k, and
gi1,i2,...,ik are dimensionless functions of their dimensionless arguments. The T -dependent vacuum average (not to be




























































and from comparison of Eq. (26) and Eq. (27) one easily obtains
h0jOj0iT (Q0) = d h0jOj0i(Q0) : (29)
Eq. (29) relates the average of a diagonal operator O with mass dimension d taken in a temperature destorted vacuum
and renormalized at Q0 to the T = 0 vacuum average renormalized at Q0. This scaling relation holds, provided that
our assumption of the implicit T -dependence of the vacuum average through s0(T ) is physical. For an RGI operator
O (O=0) the rescaling from Q0 to Q0 is trivial (for example Os4). The situation becomes more involved for the
scalar operators Os6,1 and Os6,2 of mass-dimension six given in Eq. (17), and we will focus on them now.






h0jOj0iT (Q0) ; (30)
where b is dened in Eq. (14) and  = 200 MeV [?,?]. In the OPE, operators renormalized at Q0 are expressed by
operators renormalized at a common reference point . Eq. (29) implies that rst we rescale from Q0 to Q0 which
to one loop is accomplished by






and then express h0jOj0i(Q0) by h0jOj0i() as




































h0jOj0iT (Q0) about 2 = 1 up to quadratic order and perform afterwards the Borel transformation





























(δO/b−3) (2 − 1)2+








c0 + c1(2 − 1) + c2(2 − 1)2+
O((2 − 1)3)} (ln(2=2)(1−δO/b) h0jOj0i() : (34)
With M2  0:75 GeV2 and 2 = 0:04 GeV2 the coecient c2 in the expansion of Eq. (34) is roughly given by 1=2c1.
So even for a value of 2 as low as 1/2 we obtain a suppression for the quadratic as compared to the linear term in
Eq. (34) by a factor of four.




















where the matrices T and ~T, transforming the matrices  and ˜ of Eq. (22), respectively, are given by
T =
0B@ 0:1965 −0:0556 0:0496 0:68380:9224 −0:1298 −0:0955 −0:5003−0:0008 0:4786 −0:5481 0:3554
−0:3324 −0:8666 −0:8295 0:3947
1CA ; ~T =  8=9 −16=271=6 8=9

: (36)








i + b(1 + ln(2=2))
 (
ln(M2=2)
(δi/b−3) (2 − 1)2 +O((2 − 1)3)(
ln(2=2)
(1−δi/b)
; (i = 1; :::; 6) ; (37)
where 1; :::; 6 are given in Eq. (23). Note that the one-loop scaling of s is also included in D and ~D. When
evaluating the sum rule numerically we will consider a truncation of Di after terms of zeroth and second order in
(2 − 1) to test the sensitivity of the T -evolution of mρ, s0, and the gluon condensate.
Making use of the vacuum saturation hypothesis of Shifman, Vainshtein, and Zakharov (SVZ) [?]
h0j  Γ1  Γ2 j0i = N−2[TrΓ1TrΓ2 − TrΓ1Γ2]h0j   j0i2 ; (38)
where N = 4Nf Nc, and the Γi ; (i = 1; 2), are direct products of Dirac, flavor, and color matrices, one can easily
verify [?] that
h0jP2j0i() = 163 h0jP1j0i() ; h0jP3j0i() = h0jP4j0i() = 0 ;
h0jP5j0i() = 163 h0jP6j0i() : (39)
With Eqs. (21), (35), (37), and (39) we obtain a description for the thermal vacuum contributions of scalar operators
to the Gibbs averaged OPE of Eq. (13).
As already mentioned in the beginning of this subsection and following Ref. [?] we restrict the thermal trace of Eq.
(1) to the contribution of one-particle pion states (the spectral integral over the pion energy can savely be extended
to innity because of the strong Boltzmann suppression of the integrand). We use the results of Ref. [?] which for Os4
were obtained by appealing to the trace anomaly of the QCD energy-momentum-tensor. In the chiral limit there is
no explicit temperature dependence of the thermal average of the two-gluon operator Os4 due to pion contributions.
Applying the soft pion theorem twice and using the vacuum saturation hypothesis of Eq. (38), according to Hatsuda






















In the chiral limit we have fpi = 88 MeV [?], nB is the Bose distribution, and q indicates a single light flavor quark
eld. As in Ref. [?] we only consider perfect vacuum saturation since for the nite temperature evaluation we are
only interested in relative changes as compared to the T = 0 case.
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B. O(3) invariant Operators
The O(3) invariants of the OPE of Eq. (13) have vanishing vacuum expectation values 4 and therefore we only have
to consider their pionic matrix elements. In the chiral limit we encountered the following O(3) invariant operators of
mass-dimension four in the OPE of Eq. (13)
dim4 : OO(3)4,1 = 00 ; OO(3)4,2 =
16
3
f00 − g00 : (41)
The operators OO(3)4,1 and OO(3)4,2 are diagonal combinations with respect to the anomalous mixing matrix of f00 and
g00 [?]. The pion matrix elements of the quark part Nf
f
00 (Nf denotes the number of quark flavors considered) and
the gluon contribution g00 to the total energy density 00 are estimated to be equal and can be calculated from the

















2 (1 GeV) = 0:972 ; 8a : (43)
At mass-dimension six we consider according to Ref. [?] only the following twist two O(3) operator
dim6 : OO(3)6 = i (uγ0D0D0D0u+ (u! d)) : (44)























4 (1 GeV) = 0:255 ; 8a : (46)
We now have all the ingredients to the Gibbs averaged OPE of Eq. (13).
V. SUM RULE













































4For diagonal operators, we can, by means of the scaling relation of Eq. (29), express their T -dependent vacuum average by
a scaling factor times the T = 0 vacuum average which vanishes due the boost invariance of the vacuum state.
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where the dispersion integral for Tl(M) appearing on the left-hand side of Eq. (47) is given by Eqs. (12) and (11).
The scalar mass-dimension six operators P1; P3; P4; P6 renormalized at M can be expressed by the operators P2 and
P5 renormalized at  = 1 GeV with the help of Eqs. (35) and (39).






substitute   1=M2, and perform the logarithmic derivative of R [?,?] to obtain the ratio of moments
m2ρ(T; s0; ) = −
@
@
log R(T; s0; ) (48)
which we will consider.
VI. NUMERICAL EVALUATION
In this section we discuss the numerical evaluation of the sum rule of Eq. (48). Thereby, we employ the following
values for the one-flavor quark and the gluon condensate [?]:





a j0i ( = 1 GeV) = 0:012 GeV4 : (49)
As a result of vacuum sum rule calculations in a variety of channels the central value for the gluon condensate is
actually believed to be twice as high as the value stated in Eq. (49) with an error of about 50 %. The central value for
the quark condensate indicated here is rather up to date and exhibits a smaller error of about 30 % [?]. However, the
higher values for the gluon condensate have been obtained using numerical correction factors  of about  = 2 which
multiply the four-quark condensate derived from the vacuum saturation hypothesis [?]. For exact vacuum saturation
( = 1) the values of Eq. (49) for the quark and gluon condensates nicely reproduce the  -meson mass in the vacuum
(mρ(T = 0)  760 MeV). Since we are only interested in relative changes of the spectral parameters and condensates
for T > 0 as compared to the zero temperature case we will stick to the values of Eq. (49) [?].
Our strategy in evaluating the sum rule of Eq. (48) is as follows:
Since  is not a direct physical observable, it is chosen as the stationary point s of m2ρ(0; s0(0); ) for a given s0 at
T = 0.
For a value of s0(0) = 1:5 GeV2 an additional contribution to the spectral function due to a1 −  production is
regarded as a part of the pQCD continuum. This is reasonable as long as the Borel parameter  is larger than 1
GeV−2 since structures stemming from the a1− production and possible radial excitations of the  -meson are then
suciently suppressed in the spectral integral [?].
There is a pronounced minimum for a numerically obtained value of M2s  1=s  0:73 GeV2 corresponding to a
 -meson mass of 745 MeV in the chiral limit considered here.
For nite temperatures T we determine the value of s0(T ) from the stationary point of m2ρ(T; s0(T ); ) at the same
value  = s as in the zero temperature case. Performing this calculation at a sucient number of T points yields
the temperature evolution of m2ρ, s0 and, with the parametrization of Eq. (29), also the temperature dependence of
the gluon condensate. The usefulness of the procedure to determine the T -evolution for a xed s was checked by
applying this technique to the 0 sum rule given in Eq. (4.4) of Ref. [?] (s0(0) = 1:5 GeV2). Our method yields the
same results as found in Ref. [?], where a more elaborate evaluation analysis (averaging over a T -dependent Borel
window) was used.
We consider the following two cases: (a) naive rescaling 5 and (b) renormalization group rescaling when including
terms up to quadratic order in 2 − 1 in the expansion of Di given in Eq. (37). Fig. 1 shows the results for mρ as a
function of the temperature, where for s0(0) = 1:2 GeV2 and s0(0) = 1:8 GeV2 only the case (b) has been considered.
There is practically no dierence in the evolution of mρ when including the quadratic terms in 2 − 1 for the Di of
Eq. (37) as compared to the linear and to the zeroth order approximation. The deviation at T = 160 MeV is then at
most 5 MeV.
5Naive rescaling means, that, according to Eq. (37), the anomalous renormalization group rescaling of the operators (powers
of logarithms) are suppressed, leaving only the factor λ6 at mass-dimension six.
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The temperature evolution is determined in steps of T = 3 MeV. For s0(0) = 1:5 GeV2 and in the case (b)
the  -meson mass exhibits an increase of about 17.5% from its zero temperature value at a ‘critical temperature’ of
Tc = 157 MeV which is in contrast to the result of Ref. [?]. Thereby, Tc is obtained by demanding the following: If
a variation of s0(T ) with respect to s0(T −T ) is larger than 0.3 GeV2 to produce the minimum of the Borel curve
for mρ at s, we set T = Tc. This critical value merely indicates the breakdown of our sum rule analysis and may
not coincide with the critical temperature of a deconnement phase transition. There is no strong dependence of Tc
on the initial value of s0 for the case (b) { Tc(s0(0) = 1:2 GeV2)= 157 MeV, Tc(s0(0) = 1:5 GeV2)=157 MeV , and
Tc(s0(0) = 1:8 GeV2)=163 MeV.
Fig. 2 indicates the temperature dependence of the pQCD threshold s0(T ) for the three initial values and the case
(b). In addition, we show the case (a) choosing s0(0) = 1:5 GeV2. Again, there is practically no dierence between
the results for truncations of Di in zeroth, linear, and quadratic order. Hence the logarithmic corrections in the Borel
parameter  seem to have a much greater eect on the T -evolution of mρ and s0 than the logarithmic corrections in
2. For s0(0) = 1:5 GeV2 the behavior in the case (b) is qualitatively similar to that found in Ref. [?]. However, the
influence of s0(T ) on the sum rule is quite dierent in our work. Besides the truncation of the hadronic part of the
spectral function, s0(T ) also scales the vacuum part of the Gibbs averages in the OPE. In the case (a) we obtain an
increase of s0(T ) and hence a rise of the gluon condensate with increasing temperature which is in contradiction to
the results obtained on the lattice and by eective meson models [?,?,?].
In Fig. 3 we nally show the temperature evolution of the gluon condensate normalized to its T = 0 value which
due to the scaling relation of Eq. (29), the invariance under a change of the renormalization point, and the explicit T -
independence in the chiral limit (according to Eq. (29)) is proportional to s0(T )2. We indicate the same combinations
of initial values s0(0) and cases (a) and (b) as for the T -evolution of s0. Fig. 3 indicates a universality of the
T -evolution in a sense, that for dierent values of s0(0) almost identical results are obtained.
VII. SUMMARY AND DISCUSSION
The main concern of this paper was the investigation of the consequences of a temperature dependent vacuum for
the T -evolution of the  -meson mass and the gluon condensate in the chiral limit. Thereby, we used the method of
thermal QCD sum rules. The results obtained in Refs. [?,?] for the thermal Operator Product Expansion containing
also O(3) invariant contributions and for the thermal 0 spectral function have been combined in our calculations.
Following Ref. [?], the Gibbs averages of local, gauge invariant operators contributing to the thermal OPE of the 0
current-current correlator were saturated by vacuum and one-pion matrix elements. In contrast to previous sum rule
calculations we suggested to account for a temperature dependence of the vacuum part of the Gibbs average. This was
motivated by the observation, that the gluon condensate remains practically T -independent up to temperatures of 200
MeV in the sum rule analysis of Ref. [?], while a lattice measurement yields a drastic decrease at a critical temperature
Tc of about Tc  140 MeV [?]. To resolve this contradiction, we derived a scaling relation for the thermal vacuum
average of scalar operators with the T -dependent spectral pQCD continuum threshold s0. Thereby, the chiral limit
and an implicit T -dependence of the vacuum average via the T -dependence of s0 was assumed. The implementation
of the above scaling relation is trivial for renormalization group invariant operators and becomes rather involved for
operators which mix and scale anomalously under a change of the renormalization point. As compared to the vacuum
case our sum rule calculations indicate a rise of the  -meson mass (17.5% at Tc) and a decrease of s0 and of the
gluon condensate with temperature. Thereby, the critical temperature Tc, where the sum rule analysis breaks down,
is Tc  160 MeV. The increase of the -meson mass contradicts the sum rule results obtained in Refs. [?,?,?], where a
monotonic decrease of this quantity is obtained. In the dierence sum rule analysis of Ref. [?] the  -meson mass was
also found to increase slightly (mρ  5 MeV) up to a temperature of about 125 MeV while decreasing thereafter.
There are indications for a slight rise of the  -meson mass up to T = 150 MeV (mρ  30 MeV at T=150 MeV)
from a microscopical calculation of the spectral function in the 0 channel using an eective − Lagrangian [?]. We
emphasize again, that the critical temperature of our calculation does only indicate the breakdown of the sum rule
analysis and may not coincide with the critical value for a deconnement phase transition. It is interesting to note,
that a calculation in the Nambu-Jona-Lasinio model yields at T  160 MeV and already at nuclear saturation density
a relative increase of the dynamically generated constituent light-quark mass which is of the same order as that of the
 -meson mass in our calculation [?,?]. In Ref. [?], where by means of PCAC, current algebra, and the LSZ reduction
formula a mixing of the vector with the axial vector correlator for space-like q2 was found for small temperatures
(no OPE was used), a sum rule analysis yields an increase of the  -meson mass and a decrease of the mass of the
a1 -meson with temperature. This has been interpreted as the process of chiral symmetry restoration. Our result for
the T -evolution of the  -meson mass is consistent with the one obtained in this analysis [?]. Qualitative arguments
based on the instanton model [?] imply a cancellation of the eects of a decreasing constituent quark mass and a
11
lowering of the instanton mediated attraction between constituent quarks for the T -evolution of the  -meson mass.
Hence these results do not exclude a rise of the  -meson mass with temperature.
Depending on s0(0), our result for the gluon condensate exhibits a 25{30% decrease at T  160 MeV which is
compatible with the lattice data for two quark flavor QCD of Ref. [?]. Our analysis showed, that it is essential to
consider the anomalous scaling of mass-dimension six operators under a change of the renormalization point to obtain
this result (see Fig. 3). As Fig. 3 indicates the T -evolution of the gluon condensate is universal in a sense, that it is
practically independent of the initial value s0(0).
There are still open questions concerning the T -dependence of the pionic matrix elements and the inclusion of
nonscalar, mixed operators at mass-dimension six in the thermal OPE. Chiral perturbation theory [?] obtains a
decrease of the pion decay constant fpi with temperature as







where two light quark flavors have been considered. However, Eq. (50) only constitutes the second order truncation of
an expansion in T=fpi which is a bad approximation if T  fpi(0). In the chiral limit we have fpi(0) = 88 MeV [?], and
hence Eq. (50) is of no use for the interesting region around T = 160 MeV. As for the nonscalar, mixed operators of
mass-dimension six there is hope, that in the future their pionic matrix elements can be estimated from deep inelastic
lepton scattering o the pion target [?].
To conclude, our analysis indicates, that in the Gibbs average the T -dependence of the vacuum matrix elements of
scalar operators, as introduced via a scaling relation in s0, produces a sizable T -dependence of the gluon condensate
and a moderate increase of the  -meson mass up to temperatures of about 160 MeV, where the analysis breaks down.
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APPENDIX A
Here we derive the decomposition of Eq. (21). For the operator Os6,2 one simply uses
qγαtaq = qLγαtaqL + qRγαtaqR
to obtain
Os6,2 = s (P4 + 2 P2) : (A1)
Using
qγαγ5taq = qLγαtaqL − qRγαtaqR ;
yields the following decomposition for Os6,1
Os6,1 = s

(  Lγαta3 L)2−
2  Lγαta3 L  Rγαta3 R+
(  Rγαta3 R)2

: (A2)






(  Lγαtab L)2−
2  Lγαtab L  Rγαtab R+







(  Lγαtab L)2+




For the sake of brevity we only consider the following operator
OL(R) = (  L(R)γαtab L(R))2 : (A4)
Writing out color and flavor indices (in this order), using
cij
c




with Nc = 3 and Nf = 2 one obtains
OL(R) = 4
  L(R),iµγαimµλ L(R),jν  L(R),lκγαjlνκ L(R),mλ−
1
2
 L(R),iµγαimµν L(R),jν  L(R),lκγαjlκλ L(R),mλ−
1
3
 L(R),iµγαijµλ L(R),jν  L(R),lκγαlmνκ L(R),mλ+
1
6
 L(R),iµγαijµν L(R),jν  L(R),lκγαlmκλ L(R),mλ

: (A5)
Applying the Fierz transformation [?]
 L(R),1γα L(R),2  L(R),3γα L(R),4 =  L(R),1γα L(R),4  L(R),3γα L(R),2 (A6)
to the rst and the third line of Eq. (A5) and relabelling m $ j in the second line, the sum of the second and the
third line of Eq. (A5) reads
−5
6
 L(R),iγα L(R),j  L(R),jγα L(R),i ; (A7)
where the summation over flavor indices is implicit. This can easily be rewritten as
− 5
12
 L(R)γαta  L(R)γαta L(R) −
5
18
 L(R)γα  L(R)γα L(R) : (A8)















Figure 1: Temperature evolution of the  -meson mass. The solid lines correspond to the case (b) for s0(0) = 1:2 GeV2
(mρ(T = 0) = 694 MeV), s0(0) = 1:5 GeV2 (mρ(T = 0) = 745 MeV), and s0(0) = 1:8 GeV2 (mρ(T = 0) = 776 MeV).
For s0(0) = 1:5 GeV2 the case (a) is associated with a dashed line.
Figure 2: Temperature evolution of the pQCD threshold s0. The solid lines correspond to the case (b). For s0(0) = 1:5
GeV2 the case (a) is associated with the dashed line.
Figure 3: Temperature evolution of the gluon condensate normalized to its zero temperature value. For the case (b)
we take s0(0) = 1:2 GeV2, s0(0) = 1:5 GeV2, and s0(0) = 1:8 GeV2 corresponding to dot-dashed, solid, and long
dashed lines, respectively. For s0(0) = 1:5 GeV2 the case (a) is associated with a dotted line.
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